Maxima and Minima

Let $y be the total cost of transportation .
The train travels from C along side railwvay CA and main railway AB.
/CAM=6,CM=3a, BM=b.

y_(L}H[b_L}q
sin@ tan®

d_y__apcose N agsec’ 0 _ —apcos0+aq __a pcos®—q

do  sin’0  tan’0 sin2@ sin?0

When cose:ﬂ , ﬂ:O ,where p>q
p do

When O<6<cos‘1%, cose>%, pcos6—-q>0 , %<0 . (Note that cos 6 is decreasing)
When Z>0>cos? 3, coso <P, pcosf-q<0 |, d—y>0 :
2 p q do

40
p

An interpretation in the theory of waves : critical angle in Snell’s Law.

y isamin. when 6=cos

Method 1 4x% + 6xy + 9y —8x—24y +4=0 )
= ax+oxYioys1sy Y _gopa W g, Ay 8=8x-6by 4-dx-3y @)
dx dx dx dx 6x+18y—-24 3x+6y-8
Y_ o o 4-ax-3y=0 = y= 2= 3)
dx 3
2
GHQ), 4x2+6x(4_34xj+9(4_34xj —8x—24(4_34x)+4:0 —=x=1 or -1 ... (4

When x=1,y=0, ﬂ:o When x=-1,y=8/3, ﬂ:o.
dx dx

dy dy
3x+6y—8) —4-3Y |- (4-4x-3y) 3+6°
d? (3x+ by )( dxj (4-4x y{ i dxj

From (2), =
@ dx’ (3x + 6y —8)
dZy 4 _ dZy B 4 _
W|(1,0)_§>0j ymm—O- W(fl,gj__g<0:> ymax—8/3.
Method 2 4x2+6xy+9y2—8x—24y+4:0 — 4X2+(6y—8)x+(9y2—24y+4):o

x isreal = A=(By—8)°-4(4) (9y’-24y+4)>0 = 108y*-288y<0 = y(By-8)<0

= OSyS% = ymin=0 and ymaX=8/3.

y= l{«/szJraz —\/X2X+b2:|,where k isaconstant.
d 2 b2 2 bz
e O e b e

21 4/3 4/3112 21,413 4/3142
ab*” -a*"b ah*  —-a*"b
:>a‘”3(x2+b2)= b4’3(x2+a2):> X=X = ———5— . X>0.
a*®—b at’® —p*3



By replacing the above with inequalities, we can check that j—y changes from positive to negative.
X

Therefore y isamax. atthe above value of x.

The cross section of conical shell is shown on the right.

A=—'  AD=OA+OD=_" +r=r(1+_3'”9)
sin® sin® sin©®

_AD :r(_1+sin6)’ R = AD1an 6 = (1+S|ne)tan6:r(1+sine)
cos® sinbcosO sin® coso

Area of conical shell = A= =Rl C

_ _r@l+sin®)r(l+sin®)  , (A+sin0f  , 1+sin0d

= n— ==t —
sincos®  cosO sin@cos? 0 sin®(1—sino)

dA _ . sin 0(L—sin6)cosd — (1 +sin 0)cosO(1 — sin6) + sin 6(— cos6 )]

do sin?0(L—sin6)’

=nr? coso

r<coso
sin? (1 —sin o)’ sin?(L—sin6)’

= sin?0+2sin0-1=0 :sine:#:ﬁ—l, 96(0,%)

0 =sin‘1(—l+ «/E)z 0.4271~24.47° (Test for minimum omitted here)

Area of conical shell = A

_ 2 Ltsino 2 1+42-1 . 2
~™ Sine(t—sine) W2 -1f-{V2 »_(3 2\/5):1

Let h betheheight and V be the volume of the cylindrical hole .

V=n(R? ~h?h = nR?h - zh® :‘;—inRz ~3xh? =n(R? -3n?)

sin0(1—sin0)— (1 +sinO)(L—sin6)—sin6] o sin”0+2sin6 -1 _

VN _omn=R he RV oy hs 29V g
dh V3 V3 dh V3 dh
V=0 when h=0 or h=R. -V isaabsolute max. when h :i
V3
2

Metal remaining in this case = l[inRBJ—n r2_R° E_M mR*®

213 3 )V3 33
The cross —section is shown on the right. c G I
AD=a BC=Db, OH=L
PEGF s the cross-section of the cylinder.
SN

’ ’ F {Jo.72,2.03) PY

P(x,y) isapointon AB. 5 1o




2L a
yzm(x—aj (1)

V=mx?(L-y)= nxz{L—i(x—iﬂ :T‘—La[xz(b—a)—zx3 +ax?]

b-a 2 b-
v _ mt [2x(b—a)—6x? + 2ax = 2nk x(b—3x)
dx —-a b-a
Obviously x =0 is not the solution we want.
When x =b/3, d—V:O. When i<X<E,d—v>0. When B<x<9,d—v<0.
dx 2 3 dx 3 2 dx

V is a local max. when x =hb/3

2 3
Vo A2 L2 (2]
3 b-al3 2)| 27(b-a)

na’l

When x=al2, V= When x=b/2, V=0.

3 2 3
Since b >§ and b-a>0,itisnot difficult to check that Wl mal and V,,, __™L is
2 27(b-a) 4 27(b-a)

the absolute maximum.
8. V=n*h=75

Surface area of can = A= 2mr® + an[h +%j =2nr’ + 2nr[7—52+%j =2nr? +mr +@
r

nr
dA 150 4nr® +7r? —-150
—=Adnr+n-— = ———————
dr r r
2
cii'?:4rc+3—030>0 . A'is a minimum when %—A:O, or Anr® +r? =150 =0.
r r r

9. f'@=0 and f"(@)>0.
f'(a+Ax)-f'(a)

o) 1),
When Ax — 0", f'la+Ax)-f'(a)>0=>f'(a+Ax)>f'(a)=0
When Ax—0", f'(a+Ax)-f'(a)<0=f'(a+Ax)<f'(a)=0

f(x) isdecreasing before a locally and is increasing after a locally.

f(x) has a minimum value for x =a.

Let y=cos 96 sec’0

y’ = cos 96 sec 0 (sec O tan 0) + sec” 0 (-9 sin 99) = sec? 6 (2 tan O cos 96 - 9 sin 96)
y'=0 = 2tan06cos90-9sin96=0 = 2tan®=9tan96

= 0=x0.3583,0.7196,1.0922 (06 between 0 and !m)

y=cos90sec’® isaminimum for 6~0.3583 and 1.0922

by checking the sign change of 2 tan 6 cos 96 - 9sin 96  before and after the values.

x° T
10. Let f(x)= tanx-— x+? for x e O’E



11.

12.

13.

14.

17.

f'(x)=sec’ x-1-x*=tan’x-x*>0 since tanx>x for XE(O,%).
o . x* T
f(x) isstrictly increasing and f(x) >f(0) =0. Therefore x +? <tanx for xe [OEJ .
2

f(e):(l—%]coseJresine

2 2
£'(0)= [l—%)(—sin 0)+(—6)cos0+0cos0+sin6 = e7sin 0>0 Vvoe(0n)

3 3 5
Let f(x)=tantx—|x—2>|, g0)=x->+ %X _tantx | XE(O,EJ
3 3 5 2
1 x* 1 x°
f'(x)= -1+x%= >0, '(x)=1-x*+x* - =
() 1+ x? 1+ x? o) 1+x* 1+x°

f(x) and g(x) areincreasing.
fx)>f(0)=0 and g(x)>g(0)=0. Resultfollows.

Let g(x)=e™-1+x, then g'(x)=-e*+1=0 when x=0. y /
Also, g’(X)=e™ = g (0)=1>0 .. g(x)ismin.when x=0. //
gx)=e*-1+x>9g(0)=e’-~1+0=0. and g(x) isnever negative . ’ /
) = exx—l = F(x)= xe* ;§x+1=exggx)20, 2 4

since g(x)>=0, x*>0,e*>0 forall x=0. —_

. f(x) isanincreasing functionof x forall x. 24 o 12X

Graph of y=1f(x) isshowninR.H.S.
(i) Let f(x)=tanx—x. Then f'(x)=sec?x-1=tan’x>0, forall 0<x<§.

f(x) isa strictly increasing function.
fx)=tanx-x>f0)=tan0-0=0 . Result follows.

_sinx—xcosx _ cosx(tanx —x)

— — >0, by (i)
sin? x sin’ x

(i) Let f(x)= ﬁ Then f'(x)

f(x) isa strictly increasing function.

£(0) < f(x) < f[ﬁ] Slim X X W2y X ¢
2 -0sinx  sinx  sin(n/2) sinx 2
Let f(x)=|x]*— 6x* + 11|x| - 6. \ ) |
f(-x) = f(x) = f(x) is symmetric about y-axis . \ ! |
We need to know the case where x>0. \ /
When x>0, the function becomes EE N\ o : :
f(x) = x> - 6x° + 11X — 6 \ '/
f7(x) = 3x% — 12x + 11, 7(x) = 6x — 12 \1]
f'xX)=0= % \ l

3

f"(6+3*/§] :6(6+3\/§J—12:2\/§>0, f"(6_3ﬁ]:6[6_\/5J—12:—2\/§<E)



18.

f[6_3\/§Jz0.385 is a local maximum and f(6+3\/§

] ~—0.385 is a local minimum.

As  f(x) is symmetric about y-axis,

=
3

Jz 0.385 s also a local maximum

and f[— 6 +3\/§

Jz —0.385 s also a local minimum

Since f(X) >t as Xx—+owo, there is no absolute maximum.
Since f(0) =-6 <-0.385. The absolute minimumis y=-6, when x=0.

(@ fx)=x-6x+2, FfX)=3¢-6, f(x)=6x, f"(X)=6

P2)=0,  (2)>0,  flv2)<0,  f(2)=2-a2, t[-V2)=2+4v2

Local max. point = (—\/E 2+4\/§) . Local min. point = (\/E 2—4\/5)

As X —xowo, f(X) -+, there is no absolute max. or minimum.
f’(0)=0, f”(0)=6>0, f(0)=2.
Point of inflectionis (0, 2) .

3

X
b) f(x)= y
0) f0)=——
The function is symmetric about origin as f(-x) = -f(x) . "
2(, 4 8 4 -15] 1 -05) 0 05 1 15 2l X
f'(x):—x !x —23i F(x) = 2x(x —12x3 +3)
(x“ +1) (x“ +1) 5

()=0= x=0 or x= =43
e Ho (a0 @)V )T

As X —>too, f(x) >0. Thereisnosignchange of f’(x) around x=0.(not max/min)

{27 {217
4 4 |

Real rootsare: x=0, x=+4/6++/33 and there are sign changes of f’(x) around these points.

Absolute min. point = [—i/_,— ] . Absolute max. point = ({/5

(x)=0= x=0 or x*-12x+3=0 = x=0 or X'=6++33

There are points of inflectionat x=0, x= i‘{/Gi\/ﬁ .

2X y
f(x) = 1
, 2(x +1)x -1 . 4x|x? -3 o
f(x):_(><+—)(2><2), f(x)zl%
(l+ X ) (1+ X ) 15 1 05| 05 1 15 2 x
'xX)=0= x=4=1. o5
f'(+1)=F1,  f(x1)=71 —

As X —>two, f(x) 0.
Absolute max. point = (-1, -1) . Absolute min. point = (1, 1)

f’)=0= x=0 or x= x+/3 and there are sign changes of f’(x) around these points.



19.

20.

21.

22.

f(0)=0 and f(iﬁ):i%\@.

The points of inflections are (0, 0), (i\/g J_r%«/g] .

Let y=sinmxcscx (meZ)

y* = sin mx (-csc x cot X) + ¢sc X (m cos mx)

y'=0 = cscx(mcosmx—cotxsinmx)=0 = c¢scx=0 or mcosmx-—cotxsinmx=0

= c¢scx=0 or tanmx=mtanx
y” = csc X [-m? sin mx — cot X (m cot mx) + sin mx csc? x ] + (m cos mx — cot X sin mx) ( - ¢sc X cot X)
When c¢scx=0 ,sinx— o, which has no solution.
When tan mx = m tan x , there are infinite number of solutions for x.
y’>0 or y”<0 according tothe value of x taken, which yields the minima and maxima of vy.
Now, tanmx=mtanx = tan’mx=m?’tan?x
sinzmx:mzcoszmx:mz 1+tan®x , l+tan’®x

—m e (D)

sin? x cos? x 1+ tan® mx 1+m?tan?x

Since m=#0, m?>1, m’tan’x>tan’x, 1+m’tan’x>1+tan’x

sin“mx _, l+tan®x

For (1), = —_
@ sin? x 1+m?tan?x

<m?=sin®mx<m?sin®x . Equality also holds for m=0.

The function x™y",where x,y>0 and x+y=k (m,n k>0) isequivalentto f(x)=x"(k-x)".

£2(x) = m(k = x)™X™ = n (k= x)" X" = x™* (k = )" [m(k = x) = nx] = x™? (k = x)"* [mk = (m+n)x] =

=x=00r x=k or x= mk
m+n
. mk
Since x>0, k-x=y>0 =—=>x<k. Therefore x=
m+n

When x< mk ., mk—=(m+n)x>0. Therefore f'(x)>0. Notethat x™ (k-x)"'>0inf(x).
m+n

When x< mk , mk—(m+n)x>0. Therefore f’(x)<0.
m+n

< f( isamax.when  x=—"_ . Maxoff(x) = f( mk j:( mk j (k— mk j _minkt
m+n m+n m+n m+n (m+n)
n L0 _§ ( n d%s
S= (x ak — 2(x - ak nXx—» a,|, —5=2n
; X kzzl‘ kzzl‘ dx?
n
ds 2.2 d%s
—~=0=> X =X, =+ -  =2n. oS isminimumat X=Xg.
0 ’ 2 0
dx n x|
X=X
_ , A B " A B Ax-3B
y=Ax"?+Bx* = yzw_w =Y RERVER +4X5/2 EENEE

When x=4,y=6 = 6=A4"2+B4Y" = 4A+B=12 ()



For inflectional pointat x =4, y” =0, 4A-3B=0 .. (@
Solving, weget A=9/4, B=3.

1-x ﬂ_xz—ZX—l

1+x)y=1-x =y=—2
Ly Y 1k T ax (1+x2

- d%y :_2(x +1)<x2 — 4% +1):_2(x +l)[x—(2—\/§)Hx—(2+ 3)]
dx? (1+ x2)3 (1+ x2
j)%’ =0 =>x=-1 2—\/5, 2++4/3  and these are points of inflection since there are sign changes as X

passes through these points .

1-43

( 2+4/3, TJ lies on the same straight

These points of inflections : (-1,1), ( 243,

1+43
4 }

line as the gradient of any of two points is —% .

@ FO= limOrN=TO _;, f0)_,

—0 h h—0 h

@ F&):wgﬂx+?—fu):“ i{ﬂxﬁ-m)_ﬂxﬂ:”mi ﬂ@+fq%gfg&;qxﬁmq

i f0) 1ef200) | () L)) | 1+FR(x)
R L_f(x)f(h)}"h'i'& h i f o) oreore)
=1+f(x).
dy 2 dy dy 4
(3) From (2), &:1+y :1+y2:dx :>I1+y2:de = Xx=tan"y+c
= x=tan'[f(x)] +¢c
Put x=0, O=tan'[f(0)]+c = c=0. o f(x) =tan x.

(4) f(x)=tanx isobviously convexin Xe (Ogj .

@ () fo=fx) o HE2HK) o i(x—af+b?>(x-cf +d?
a’+b%-c?-d?
2(a—c)

a’+b?—c*—d?
2(a—c)

o((x-af+b?>(x-cf+d> = x< =X, .where a>c.

f)=f(x)) < X <fh(x) < x= =x, ,where a>c.

(ii) Giventhat c<a.
(1) If c<a<Xxy,then x;=a
(2) If c<xp<a then Xx;=Xp
(3) If xo<c<a,then x;=c
(b) Lettheline L bethex-axis. Let Py(a,b) and P,c,d). Let P(x,0) beapointon L.



26.

28.

PP=f,(x)=4(x—a) +b?, PP =1,(X) =+/(x—c) +d?

The problem is reduced to (a) in finding the minimum of  f(x) = Max {fi(x), f2(x)} .

@ > 23in%xcos x=>y [sin(r +%)x —sin(r —%)x} = sin(n +%Jx —sin%x

r=1 r=1

. . . sin[(m&jx}—sinix
® sn'(x)=z[%j=z cos rx -

r=1 Zsinix
2

S,'(x0)=0= sin{(n +%)xo}—sin%xo =0=sinnx, cos%x0 Jrcosnxosin%xO —sin%x0 =0

sinixo(l—cosnxo)
=sinnx, = 1 >0 as X e (0, m).
Cos= X,
2

(ii) Since Sy1(0)=0 and Xxg isthe absolute minimum point,

" sin(m +1)x,

Smii(Xo) <0. thatis, S (x, N
m+

<0

But sin(m+ 1)Xo>0. Therefore Sp(Xo)<0.

Henceif Sy(x)>0 forall xe (0,m), Smi(X)) would not be the absolute minimum for
any xo € (0, m). and Sm+1(X)  would be the absolute minimumonlyat x=0 or x=m.
(Note that  Sp+1(0) = Spyea(m) =0.)

(iii) Suppose Sk(x)>0 forall x e (0, n).
By (ii), Sk«(X) attains its absolute minimumat x=0 and Xx=m.
Soforallx € (0, ), Sks+1(X) > Sk(x) =0.
Hence the statement is also true for n=k+1.

= rAZJr(GS—A)2 ,where A>0, | istheintensity of illumination, r is the distance from the first light.
—r

In order that | is well-defined, 0<r<®6.

di__2A  16A _ 2A|2r) - (61| _ 2A@r-6)(2r) +(2r)6-r)+(6-r)*| _18A(r-2)r +12)

o (6-r) r*6-r) r’(6—r) r*6—r)

r:2:>ﬂ:0, r>2:>ﬂ>0 and O<r<2:>ﬂ<0
dr dr dr

The total illumination, I, is a minimum when the distance is 2 m from the first light.



